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1. Introduction 



Solving the Poincare-Lelong equation amounts to, for a given real (1, l)-form 
p, finding a smooth function u such that \/—lddu = p. Motivated by geometric 
considerations, on a complete noncompact Kahler manifold {M,g), this was 
first studied by Mok-Siu-Yau [9] under some restrictive conditions including 
a point-wise quadratic decay on nonnegative bisectional curvature and 
maximum volume growth on M. There have been many works since then. 
Finally in [13] , the following result was proved. 

Theorem 1.1. Let (with m = 2n being the real dimension) be a complete 
Kdhler manifold with nonnegative holomorphic bisectional curvature. Let p be 
a real d-closed (1, l)-form. Suppose that 



;i.l) \\p\\{y)dM) ds < oo 

Jo \JBo(s) J 



and 

(1.2) liminf 



exp (-ar^) ■ / \\p\^{y)dp{y) 

JBair) 



< oo 



'Bo{r) 

for some a > 0. Then there is a solution u of the Poincare-Lelong equation 
\/—lddu = p. Moreover, for any < e < 1, u satisfies 

air I k{s)ds + /3i / sk{s)ds > u{x) 

Jlr Jo 

p2r poo per 

(1.3) > /Ss / sk{s)ds — a2r I k{s)ds — / sk{x,s)ds 

Jo Jlr Jo 

for some positive constants ai{m), a2{m,e) and Pi{m), 1 < i < 3, where 
r = r{x). Here k{x, s) = ^ ||p|| and k{s) = k{o, s), where o E M is fixed. 

Due to the technical nature of the assumption (11.21) . which arises from the 
parabolic method employed in [13] and is related to the uniqueness of the heat 
equation solution, it is desirable to be able to remove it. The purpose of this 
paper is to prove, in Theorem 17.11 that the above result remains true without 
assuming (II. 2p . provided either p + au > with some constant a > and u 
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being the Kahler form, or {M"',g) has nonnegative sectional curvature outside 
a compact subset, or of maximum volume growth. What in fact was proved in 
Theorem 17.11 is a bit more. The solution space to a Poincare-Lelong equation 
clearly is an affine space consisting a special solution summing the linear space 
of the pluriharmonic functions. The estimate (11.31) selects the minimum one 
in a sense. In the view that the sublinear growth is the optimal necessary 
condition to imply the constancy of a pluriharmonic function, the assumption 
(11.11) is almost the optimal condition which one can expect to ensure that 
estimate (II. 3p selects the unique (up to a constant) solution. 

The method here is motivated by that of [TT], namely via the study of the 
Cauchy problem to the Hodge-Laplace heat equation on (1, l)-forms. On the 
other hand the construction in Section [3] supplies the necessary argument for 
the proof to Proposition 3.1 of [llj. The gap theorem in [11] also follows from 
Theorem 17. II of this paper and Theorem 0.2 of [13j. 

The authors would like to thank Alexander Grigoryan for useful discussions. 

2. A GENERAL METHOD TO SOLVE THE POINCARE-LELONG EQUATION 

Let (M",(yf) be a complete noncompact Kahler manifold with complex di- 
mension n and p is a (i-closed real (1, l)-form with trace tr(p) (also denoted by 
Ap, using the notions from the Kahler geometry). Assume M has nonnegative 
Ricci curvature. 

Let —A = Ad = [dS + 5d) be the Hodge Laplacian for forms. The following 
result gives connection between solving the Poincare-Lelong equation and the 
global solution to a Hodge-Laplace heat equation. 

Theorem 2.1. Suppose M has nonnegative Ricci curvature. Suppose the fol- 
lowing are true: 

(a) There is an (1, l)-form ri{x,t) satisfying 



for all T > 0. Moreover, limt^ooVi^j^) — 0- 
(b) There is a function u{x) solving Au = tr(p), where tr denotes the trace, 
and a solution v{x,t) of 



(2.1) 



(T]t-Ar] = 0, m M X [0,oo); 
ri{x,0) = p{x), X G M, 

such that ri{x, t) is closed for all t and there is p > 



(2.2) 




(2.3) 



Vt — Av 
v{x, 0) 



0, m M X [0,oo); 
u{x), X G M, 



such that 



(2.4) 
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for all T > and limj^oo ddv{x, t) = 0. 
Then 2^r^ddu = p. 

Before we prove the theorem, let us first recall the following: 

Lemma 2.1. For any d- closed (1, l)-form rj, we have 

(2.5) ddAri = y/^Agr], 
where Aq is the d-Laplacian. 

Proo/. Recall that dA-Ad = -^/^d*, dA-Ad = ^/^^*. Since dr] = dr] = 
and dd = —dd and Ag = Aq, we have that 

ddArj =- [ddAr] — BdArj) 
= ^V^{AQr] + AQr]) 

= ^/^AqT]. 

This proves the claimed identity. □ 

We also need the following maximum principle. 

Lemma 2.2. Suppose {M"^,g) is a complete noncompact Riemannian man- 
ifold with nonnegative Ricci curvature and u is a smooth nonnegative subso- 
lution of the heat equation on M x [0, T] such that there exists a sequence 
i?j — 7- oo and p > such that 

(2.6) lim^^/' / u^{y,t)dydt = 0. 

Suppose u{x,0) = for all x G M. Then u{x,t) = 0. In particular, if Ui 
and U2 are two solutions of the heat equation such that \ui\ and \u2\ satisfy the 
decay conditions fl2.6p and if Ui = U2 at t = 0, then ui = U2- 

Proof. By P, Theorem 1.2], there is a constant C > independent of R such 
that ^ 

sup < D2T/rp^ / / uP{y^t)dydt 

Bo(ii?)x[0,T] ^ Vo\ri} Jq JBo(R) 

if R'^ > 4T. From this the first assertion follows. 

To prove the second assertion, apply the above argument to (|mi — + e) ^ 
for e > and let e -> 0. □ 

Proof of Theorem \2.1[ Let 77 be as in (a). Let = tr(?7). Then satisfies the 
heat equation in M x [0, 00) with initial value tr(p). Let 

w{x,t) = —2 I (j){x,s)ds. 
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Wt — Aw = — 2tr(p), w{x, 0) = 0. 

Hence v{x,t) = 2u{x) — w{x,t) satisfies 

Vt — Av = 0, v{x, 0) = 2u{x). 

By f l2^ . (Ell) and Lemma ESI we conclude that v = V = 2u-w. 

On the other hand, by Lemma 12.11 and the fact that t] is closed, we have 



dt 

= - 2AQr] - 2y/^ddAr] 
=0. 

At the same time, at t = 0, r] + \'^^ddw{-,t) = p. Hence this equation holds 
for all t. That is to say. 



V + 2^ 

Since limi_^oo ??(a;, t) = limf^o. 



-Iddu — y/^ddv = p. 

^^ddv{x,t) = 0, we have 2y^^ddu = p. □ 



By [15, under an average growth condition we can find u and v satisfying 
(b) in the theorem. First let o G M be a fixed point. For a smooth function / 
on M, let 



(2.7) 



kf{r) 



Voir) 



I/I- 



Bo{r) 



where Bx{r) is the geodesic ball of radius r with center at x and Kc(r) is the 
volume of Bx{r). First recall the following result from [131 Lemma 1.1]: 

Lemma 2.3. Let {M,g) be a complete noncompact Riemannian manifold with 
nonnegative Ricci curvature and let a ^ M be a fixed point. Let h > be a 
continuous function. Let 



v{x, t) 



H{x,y,t)h{y)dy 



M 



where H{x, y, t) is the heat kernel. Assume that v is defined on M x [0, T] for 
some T > 0, and 

(2.8) liminf exp ( / h = 0. 



20T 



Bo{r) 



Then for t G (0, min(r^, T)] and p>l 
1 



Vo{r) 



v^{x,t)dx < C{n,p) 



Bo{r) 



kh.{Ar) + t-P 



PI 



Proof. Note the proof in [13] (page 467-468) can be carried over because only 
is needed for the integration by parts. □ 
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Proposition 2.1. Let {M,g) be a complete noncompact Riemannian manifold 
with nonnegative Ricci curvature and let o E M be a fixed point. Let f be a 
smooth function on M such that 



POO 

/ kf{r)dr < oo. 
Jo 



Then we can find functions u and v with Au = f , v satisfying (12. 3 p such that 
f l2.4p is true for p = 1, and limt^ao ddu{x , t) = 0. Moreover u satisfies fll.3p . 
In fact, u{x) andv{x,t) are given by 

u{x) = / {G{o,y) — G{x,y)) f{y)dy, if M is nonparabolic 
Jm 



v{x,t) = / H{x,y,t)u{y)dy. 
Jm 

Here G{x,y) is the minimal positive Green's function of M (if M is non- 
parabolic) and H{x,y,t) is the heat kernel of M . 

Proof. First consider the case that M is nonparabolic. The existence of u and 
V are given by the above expressions. The claim \imt^ooddv{x,t) = follows 
from [131 Lemma 6.1]. By the proof of [13] Lemma 6.1], we have 

ku{r) = o(r^). 

From this and Lemma [231 fl2.4p is true for p = 1. The estimate ( 01.30 ) is given 
by Theorem 1.1 of [12]. 

In general, by considering M = M x W^, we can find u as above. By [21 
p. 458-460], u is independent of ?/ G M*^ for (x, y) E M x R^. Let u{x) = u{x, y). 
Then Am = / and A;„(r) = o(r^). The existence of v is as in the previous 
case. □ 

To apply Theorem 12.11 we need to construct a long time solution to the 
Hodge-Laplace heat equation. The rest of the paper is devoted to this. 

3. An initial-boundary value problem for (1, 1)-forms 

We begin to construct rj satisfying Theorem 12.1( a) by compact exhaustions. 
Hence we first consider the following initial-boundary value problem. 

Let (M",(yf) be a complete noncompact Kahler manifold and let be a 
bounded domain in M with smooth boundary. We want to discuss the initial- 
boundary value problem for real (1, l)-forms 

77t-Ar/ = 0, infix(0,T); 
\\Tat^or]{x,t) = p{x), X eQ; 
nr] = 0, ondQx{0,T)] 
ndri = 0, ondQx{0,T). 

where p is a smooth real (1, l)-form. Here for a form 0, n = L,y(j) is the normal 
part of 0, where u is the unit outward normal, and L,y is the adjoint operator 



(3.1) 
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of z/* A (■); t(f) denotes the tangential part of 0. The readers are referred to 
PH] for details and the corresponding elliptic boundary value problem. A = 
—Afi = —{d6 + 6d) which is the negative of the Hodge Laplacian on forms. 

Let us first consider the underlining Riemannian structure of M and start 
with a simple lemma. 

Lemma 3.1. Let rj be a two form on Q (with real dimension m) and let , 
1 < i < m be local coordinates at the boundary near a point p such that 
is the unit outward normal so that x"^ is the signed distance from the 
boundary andx", 1 <a < m — 1 are local coordinates of the boundary. Suppose 
rj = X]i<j Vijdx^ ^dx^ . Then atp the boundary conditions nrj = and ndf] = 
are equivalent to rjam = and r]ai3,m = g^^Vaii = for l<a<(3<m — 1. 

Proof. Then condition nrj = means that rjam = for a < m. Then 
(3.2) 

dr] = ^ Vij,kdx'' A dx' A dx^ 

l<i<j <m 

= ^ Vap^kdx'^ A dx" A dx^ + ^ Vam^kdx^ A dx" A dx"^ 

l<a<l3<m-l l<a<m-l 
m—1 

= ^ ^ Vai3,'ydx"' A dx" A dx'^ + ^ ilap,mdx^ A dx" A dx^ 

7=1 l<a<P<m-l l<a</3<m-l 
m—1 

+ Vam,-ydx'^ A dx" A dx"^ . 

7=1 l<«<m— 1 

Here " ^ " means the partial derivative, in the second line the repeated index 
k was summed from 1 to m. Since rjam = at the boundary, rjam,^ = at the 
boundary. Combining this with ndrj = 0, we have riai3,m = at the boundary 
for 1 < « < /3 < m. 

Conversely, if ?7„m = and rja^^rn = ^Va/s = 0forl<a</3<m-l, it 
is easy to see from the above that n?7 = and ndt] = 0. □ 

Recall the following basic fact [TUI Lemma 7.5.3]. Let a, P he r and r — 1 
forms, then 

(3.3) f {a,dl3)= [ {6a, P) + i-iy-^ [ (n«,t/3). 
Jq Jn Jdn 

Using this we have the following equation for ri{x,t), a solution to (13. ip . 

(3.4) I /l^l' = 2 / i^V,v) = -2 I m' + M-") 

where we have used the boundary conditions of rj. In particular the norm 
of rj is nonincreasing in t. 
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Let P{x,y,t) be the fundamental solution of (13. ip . whose existence is pro- 
vided by [m Proposition. 5.3] partially via Lemma [XT] and fl3.3p . P{x,y,t) is 
a double form with the property that if p is smooth real on Q, then 

(3.5) r]{x,t) = {P{t)p){x) = [ P{x,y,t)A*p{y) 

is a solution of the initial-boundary value problem (13. ip . 

Lemma 3.2. Let p he a smooth real form on Vt and let rj he given hy (13. 5p . 
Then the following are true: 

(i) For all t > 0, 

[ \r]\\x,t)< [ \p\\x). 
Jn Jn 

(ii) For any T > 0, 

sup \ri\ < C sup \p\. 

nx[o,T] n 

(iii) Suppose p has compact support in Vl, then rj is continuous inQx [0, oo) . 

(iv) Suppose p is closed, then ri{-,t) is close for all t > 0. 

Proof. For (i), by approximate the initial data by forms with compact support 
so that we may assume the solution is continuous at t = up to the corner 
dQx {0}. Then the resuh follows from 1^^^. 

For (ii) and (iii), it follow from the estimate on P, more precisely (5.4) of 
[m Proposition 5.3]. By [HI Proposition 5.3], dxP{x,y,t) = 6yP{x,y,t) and 
ny{P{x,y,t) = 0, we have, by (13. 3p . 

dr]{x,t)= / 6yP{x,y,t) A*p{y) = 0. 
Jn 

This proves (iv). □ 

Lemma 3.3. Let {M'^,g) he a complete noncompact Kdhler manifold and let 
Q he a hounded domain in M with smooth houndary. Let p he a smooth real 
(l,l)-/orm on Q. Then there is a solution rj of the initial- houndary value 
problem (13. ip such that rj is a real {l,l)-form for all t > 0. If p is closed 
then f] is also closed for t > 0. Moreover, rj is smooth on Q x [0, oo) except at 
dQ X {0}. 

Proof. Let < 0j < 1 be smooth functions with compact supports Qi Q so 
that r2j t r2. Let p^^^ = (pip and let r^*^*-* be the corresponding solutions with 
initial data p'-*-' given by (13.50 . Obvious r/''*-' is real. To prove that r/^*^ is a 
(1, l)-form. First notice that A preserves (1, l)-forms. By Lemma 13. ![ the 
boundary conditions satisfy the complementary conditions and compatibility 
condition at the corner dVl x {0} because p*-*^ has compact support. Hence we 
can solve (13. ip so that the solution is a (1, l)-form for t > 0, see [H p. 596] for 
example. Moreover both this solution and rj are continuous up to t = and 
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dVl. By (13 ■4p . the two solutions are the same. Hence 77^*^ are (1, l)-forms for 
t > 0. 

By Lemma [3^ ii). and the Schauder estimates, we conclude that by passing 
to a subsequence, {r/'-*-'} will converge to a solution 77 of (13. ip . which is a real 
(1, l)-form and smooth except at the corner dQ x {0}. Moreover rj is also given 
by the representation formula (13 .Sp by Lemma [3.2( i). If p is closed then t] is 
closed by Lemma [3.2( iv). □ 

The following has been proved in yj . For the sake of completeness, we sketch 
the computations. 

Lemma 3.4. Let rj be a 2-form satisfying the boundary conditions of ^3. 

d 



Op 



a,/3,7=l 



Here {hap) is the second fundamental form with the outward unit normal. 

Proof. At a point p at the boundary, we introduce coordinate system as in the 
proof of Lemma Em We may also assume that gij = 6ij at p. Here and below, 
i,j etc are from 1 to m and a, /3 are from 1 to m — 1. Then rjam = at p. 

Now consider 77 as a two tensor rjij such that rjij = —rjji. Then Hr^lP = 
g^^g^^TjijTjkh and at p G dVt 

d d 

{9"^ 9^^) mm + 9'^9\j,mVki + 9"^9^^Vim,m 



d d 
(3.6) =T— {9'") 9'%m + 9''t— {9'') VijVki + 2vim,m 

9ik,mVijVkj 9jl,mVijVil 
= — '2gal3,mVa'yVP'y 

Since gai3,m = 2/io/3, the second fundamental form with respect to the unit 
outward normal, we have 



d 



which is the claim of the lemma. □ 

Now consider rj a real (1, l)-form in a Kahler manifold {M"',g) where n is 
the complex dimension and f2 is a bounded domain with smooth boundary. 
We want to understand the above lemma for this special case. Assume that rj 
satisfies the boundary conditions in (13. ip . Let be local coordinates near a 
point p at the boundary as above and is the unit outward normal. Assume 
near boundary point p, we have a holomorphic coordinates z^, such that at 

r, -9- — I ( A / T d \ _d_ _ 1 ( _d_ , / T d \ ^r^^ j _d_ _ d 



dx*+" ' 

1 < i < n. Here J is the underlining complex structure. Suppose rj = rjfjdz^ A 



POINCARE-LELONG EQUATION 



dz^ with rj^ = 1]^. Then at p the boundary conditions nrj = and ndrj = 
are equivalent to r]am = and r/a/j^m = Q§^Vai3 = 0forl<Q;</3<m — 1. 

Let the corresponding real form be A = \/—lri, which can be written as 
Yl'fl=i ^stdx^ A dx^. By our choice of z\ dz" = dx^ + y/^dx^'^"', etc, and at p 

2A =V^r] - v^r/ 

=\/^Vij {dx' + ^/^dx'+'') A {dx^ - v^rfx^+") 
(3.7) - {dx^ - v^rfx*+") A [dx^ + v^rfa;^'+") 

=^/^{r]fj - rj^) {dx' A dx^ + c/x^+" A 
+ + W) {d^^ ^ dx^^"" + dx^ A da;^+") . 
Hence for I < i, j < n 



2A 



2A 



2Xi 



j+n 



'^Xji+n — iVij + Vji)- 



li] Vjiji 

In the following, a,f3,i,j etc will range from 1 to n — 1, and m = 2n. By 
Lemma 13.41 

2n-l 

r = -4 ^ /i.iA.^Af 

s,t,q=l 



d 



where hgt 

^i+nm = 0, and Xi+n 



du 

^ 

Ai 



1^1 



^(af^'a!^)- Now A.+„,, 



= Oforl<'i<'n, — 1. Hence Xin = 
for 1 < z < n — 1, which then implies 

2n-l 

|?7||^ = -4 ^ hstXsqXtq. 

s,t,q=l,Sytn,t^n,q^n 

With the above and the Kahler condition, we have the the following one. 

Lemma 3.5. Let r] be any real (1, l)-form satisfying the boundary conditions 
in ^3. ij) . and let (M, g) be a Kahler manifold. 

(a) On the boundary dQ, if k^^ = h{-£^, J^), 



n-l 



-16 k^p7]a^r]^p. 
o,/3,7=l 



Particularly, -§^\\f]\\'^ < zs pseudo- convex. 



dv 
du 



at 917. 



(b) Suppose that rj is closed. Let v = tr{ri). Then 

Proof, (a) This may be well-known. We include a proof for the sake of com- 
pleteness. First since 

d d 



h 



i+nj+n 



hij-\-n 



d d 



dx^ ' dx^ 



= h 
-h ( J 



dx'- ' dx^ 
d d 



Sx*' dx^ 
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- — \ 



d d 



(3.9) h ; 'dz^J ~ 4 ^^^^ ~ ^i+nj+n) " V " 1 {hij+n + hj i^n) — 0. 

Moreover, for 1 < a, /3 < n, h^f} = k^^ + kp^ = K+np+n and K^+n = 
— ^/^(/Cq^ — ki^a)- Noting that k^j^ = kjsa, thus we have 

2n-l 

s,t,q=l,s^n,tj^n,qj^n 
n-1 

5^n,2n o,/9=l 

n-1 

— 2a/^ ^ ^ (A;q,/3 — kpa)\aq\j3+nq 
57^71, 2n a /3=1 

=/ + //. 

Now choose {z"} such that k^^p = aaSai3- This can be done because the point 
p, is a Hermitian form on the subspace of Tp^'°^(M) which is orthogonal 
to the complex line spanned by z/ + v^^Jz/. Because Xa+m+n = and 

-^07+71 -^7a+n ^a+wy GtC, 

n-1 



(3.10) 



(3.11) 



/ =4 ^ aa {Xa-y + '^a7+n) 
a,7=l 
n-1 

^ ^ ( ijla^ Vya) ~l~ (^07 ~l~ V'yci) ) 



a, 7=1 
n-1 

-4 ^ ^ 0,af]oiyV"/oi- 
0,7=1 



On the other hand, 

II = — 2a/— T ^ ] (^o^ ~ ^/Sa) (Ao7A^+„7 + Xa-y+nXp+ny+n) 



n-1 



(3.12) 



a,/3,7=l 

n-1 



- — 2-\/— 1 (^o^ — ^;3a) ('^Q7-^;9+n7 + ^-y a+n'X p-y) 

a /3,7=1 

=0. 



(b) By (8.1.19) of pLQj, which asserts that 

L^d*ri = 0, 

the closeness of t] implies that, 

Ludv = L,,dv = 0, 



by the identities dA - Ad = -^/^^*, dA - Ad = ^/^^*. 



□ 
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4. Global solutions to the Hogde-Laplace heat equation 1 

Recall that a Kahler manifold is said to have nonnegative orthogonal bisec- 
tional curvature if at any point Ruj] > for all unitary pair {ei,ej}. 

Theorem 4.1. Let {M,g) be a complete Kahler manifold with nonnegative 
orthogonal bisectional curvature and with nonnegative Ricci curvature. Assume 
that p is a d-closed (1, l)-form such that f = \\p\\ satisfying 

, . , ^f{R) 

(4.1) limsup-^ = 0, 

and there exists a constant a > such that p + aw > 0, where uj is the Kahler 
form of M. Then there exists a solution of 

rjt — Ar] =0, in M X [0, oo); 
r]{x,0) = p(x), X E M. 

such that rj is a closed (1, l)-form and is nonnegative provided that p is non- 
negative. Furthermore, 
(a) for any T > 0, 



(4.2) 



(4.4) 



(4.3) lim / / M\ix,t)dxdt = 0; 

R^oc RWo[R) Jo Jb^r) 

(b) lim(_^oo vi^j t) = for all x E M provided that Ubir^oo kf{R) — 0. 

For the proof, we need some lemmas. Let M be a complete noncompact 
Riemannian manifold with non-negative Ricci curvature and let h{x) > and 
v{x,t) be functions as in Lemma [2.31 Then v solves the initial value problem 

vt- Av = 0; 
v{x, 0) = h{x). 

The function v{x,t) shall serve as a global barrier. But first we establish 
the relation between the local and global barriers. 

Consider a compact exhaustion {fli} with smooth boundary such that there 
exists — 7- oo with Bo{Ri) <Z Vti d Bo{2Ri). Let 0*^*^ be the solution of 

{Ut — Au = 0, in Qi] 
1^ = 0, on^fii X (0,oo); 
m(x, 0) = h{x). 

The following result relates v and 0^*^ 

Lemma 4.1. Suppose h satisfies (15.21) . After possibly passing to a subse- 
quence, 0^*^ converge to v on compact sets in M x [0, oo). 

Proof. Let us first assume that 0''*'' is continuous in fij x [0, oo). Then by the 
maximum principle, (p^^^ > 0. On the other hand, by the Neumann boundary 
condition, we have 

d 



n 
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Hence 

(4.6) / (j)^^{x,t)dx = I h{x)dx. 



As in the proof of Lemma 13. 3[ we can remove the assumption on the continuity 
of SO that dM]) is still true. Now 



(A_|)(.„_,«y^>o. 



Since that at t = 0, f — f*-*-* = 0, by [6, Theorem 1.2], we have for any T > 



sup \v - (p^'^l <—^—— / \v - (p^'^\{x,t)dxdt 

Bo(^Ri)x[0,T] ^i^o[^i) Jo JBo(Ri) 

for some constant Ci independent of i, where we have used the volume com- 
parison, (I4l6|) and the fact Bo{Ri) C Qi C Bo{2Ri). 

By the assumption (15. 2p . and the volume comparison, we have 

— — , h{y) dy = o{R') 



as i? — )■ oo. By Lemma [2. 3[ we conclude that 
(4.7) sup \v~(t)^^\<Ci 

Bo(ji?>)x[0,T] 

where Cj — )■ as i — )■ oo. From this the result follows. □ 
We also need the following: 

Lemma 4.2. Let (M, g) he a complete noncompact Kdhler manifold with non- 
negative orthogonal bisectional curvature. Let f]{x,t) be the solution initial- 
boundary value problem (13. ip provided by Lemma lSTM If p > then r]{x, t) > 
for t>0. 

Proof. The proof of Lemma 13.31 shows that there are two approaches to obtain 
ri{x, t). One is via the representation formula (13. 5p . The other is via the limit of 
a sequence of solutions r]^^^ (x, t) which solves (13. ip but with smooth compatible 
initial condition (pip with 0j being cut-off functions. Hence it suffices to prove 
that ?7*^*''(x, t) > 0. Now the argument in the proof of Proposition 3.1 of [IT] 
can be applied to obtain this since r^'-*-' has the sufficient regularity. For the 
sake of the completeness we include the argument below using the notations 
from the previous section. 

By the general maximum principle. Theorem 2.1 in [11], it suffices to check 
that (i) if at J9 G Q, for some normal coordinate (z*), r]ii < and rjija'^a] > rjii 
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for all a with \a\ = 1, }CB{ri)ii > 0, where 

defined in terms of any unitary frame; (ii) if p G dVt, and for some local 
orthogonal real frame {^)-, 1 < i < m = 2n, with corresponding complex 
frame (^), 1 < i < n with ^ = ^ - V-^s^) and = u, as in 
the discussion of the previous section before Lemma I3!5l with rjxx < and 
rjija^cij > rjxx fo^' some X G T^M and all a G C" with \X\ = \a\ = 1, we have 
that g§^Vxx = 0. ^ 

To check (i), let r/jj = rjfj — rjiigfj. The assumption rjijO^aJ > rjii for all a with 
\a\ = 1 implies that (rjij) > as a Hermitian symmetric form. Now it is easy to 
check that KLBirf) = fCBijj) and {lCB{jf)ij) > 0. For the last claim one can see, 
for example the proof of (2.14) in [13]. (If using the the first variation on the 
fact that X = ci being the minimizing unit vector, the claim is equivalent to 
Sfc i>2 ^ilktUik ^ 0) which clearly holds under the nonnegativity assumption 
of the orthogonal bisectional curvature.) 

To check (ii), first observe that if {Xst) denotes the real symmetric form 
associated with t] (as in the discussion of the previous section), using 

2Ajj IXij^n j+n 1 (^ij Vji)i '^^ij+n '^^ji+n iVij ~^ Vji) 



for 1 < i, j < n, and Xsm = by Lemma \3A] we have that rjin = rj^i = 0. Now 
making use of the assumption that X is the minimizing unit vector, define the 
functional, for any small complex number e, 

^^'^ " \X + eZ\^ • 
The first variation ^2^(0) = ^2^(0) = then implies that 

Vxz - Vxxi^^ Z) = 

for any Z with (-, ■) being the Hermitian product. By letting Z = -t^^ Lemma 
13.11 implies that (X, -t^) = 0. Now the claim -q^i]xx = again follows from 
Lemma 13. 1[ □ 

We are ready to prove Theorem 14.11 



Proof of Theorem \4.1\ Suppose p + aw is nonnegative for some a > 0. Then 
we can find bounded domains Qi with smooth boundary such that Bo{Ri) C 
Vti C Bo{2Ri). By Lemma 13.31 we can find t]^^^ which is a solution to (13.11) 
on fli with initial data p + au and by Lemma 14.21 r]^^^ is nonnegative. The 
trace of r^^*^ satisfies the heat equation with initial value 0*^*-' = tr(p + aco) and 
has Neumann boundary condition by Lemma [3.5( b). Note that the norm of 
p + aco satisfies (15. 2p if ||p|| satisfies the condition. By Lemma |4?T] the trace of 
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r/*^*^ converges in compact sets to v with 

v{x,t) = H{x,y,t)tT{p + au){y)dy. 



jm 

Since 77^*^ is nonneg ative, ||r/W|| < C{n)(f)'-'\ We can conclude that r]^^^ — )■ 77 
which is a solution to f l4.2p . but with initial data p + au and satisfying f l4.3p . 
Let rj = rj — au. It is easy to see that r] also solves (14. 2p and satisfies (14. 3p . 
On the other hand, solve the Dirichlet boundary problem on Qf 

ef^-Ae« = 0, infi, x(0,oo); 
e»(x,0) = p(x), X e Qi] 
^«(x,t) = 0, on Orii X (0,00). 

via the maximum principle it is easy to see that 

||^«|| < [ H{x,y,t)\\p\\{y)dy, 




J M 

By the estimate in Lemma I2.3[ passing to a subsequence ^^^-^ converges to a 
limit ^ solving (14. 2p and satisfies (14. Sp . 

Now apply Lemma l2.2l to f || and conclude that r/ = Hence ||r7||(a;,t) < 
u{x,t). Then the estimate f l4.3p . and the last claim (if kf{R) — > 0) also follows 
from Lemma [2.31 and [6, Theorem 1.1]. □ 

5. Global solutions to the Hogde-Laplace heat equation 2 

In this section, we consider the case that p may not be bounded from below. 
A Kahler manifold {M"',g) is said to satisfy nonnegative quadratic orthogonal 
bisectional curvature if at any point, for any unitary frame Cj, and any real 
numbers a^, 

(5.1) ^Rfifj{ai - > 0. 
We want to prove the following: 

Theorem 5.1. Let {M,g) be a complete Kahler manifold with nonnegative 
quadratic orthogonal bisectional curvature and with nonnegative Ricci curva- 
ture. Assume that p is a d-closed (1, l)-form such that f = \\p\\ satisfying 

(5.2) iinisupM^ = 0. 

Suppose there exist i?j — )■ 00 and pseudo convex domains Qi such that Bo{Ri) C 
Qi C Bo{2Ri) with smooth boundary. Then there exists a solution of 

r]t — Ar] =0, in M X [0, 00); 
ri{x,0) = p{x), X E M. 



(5.3) 



such that rj is a closed (1, l)-form. Furthermore, the conclusions (a) and (b) 
of Theorem \4-l\ hold. 
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We need the following: 

Lemma 5.1. Let {M^^g) he a complete noncompact Kdhler manifold with 
nonnegative quadratic orthogonal bisectional curvature and let Q be a bounded 
domain in M with smooth boundary. Let p be a smooth real (1, l)-form on fl. 
Let 7] be the solution of fl3.ll) in Lemma WTR Let be the solution of the initial 
value problem 

{(pt — A0 = 0, in Q; 
g = 0, on dQ X {0,oo); 
0(x,O) = ||p||. 

If dfl is pseudo convex, then ||?7||(a;, t) < u{x,t) for all {x,t) eQ x (0, oo). 

Proof. To prove the lemma, we may assume that p has compact support. Then 
rj and are smooth up to the corner. Now by ^ and the curvature condition 
(see [21 p. 229-230]), we have for any e > 0, 

(IHP + e)^<o. 

The result follows by the maximum principle, pseudo-convexity. Lemma 13. 5^ 

1 

by comparing (H??!!^ + e)^ with u + e. □ 

Proof of Theorem \5.1[ By Lemma [3^ for each fli we can find a solution rj^^^ of 
(13.11) on Qi X (0, oo) which is smooth and closed except at the corner. Moreover, 
by Lemma 15.11 and (14. 7p , we conclude that for all T > 

(5.5) sup \\v^'^\\<u + Q 

Boi\B.,)x[0,T] 

where Cj — j- as i — )■ oo and u is the solution of (14. 4p . Passing to a subse- 
quence, we conclude that {r]^^''} converges to a solution r] of (14. 2p . Moreover 
\\v\\{x,t) < u{x,t). 

Now by (15. 2p we have that ''^^^^ -^^ as i? — t- oo. By Lemma [2.31 and the 
fact that ||?7||(x, t) < u{x,t), we conclude that (14. 3 p is true for any T > 0. 

By [6l Theorem 1.1], if additionally assume that kf{R) — )■ 0, we have that 
u{x, t) — )■ as t ^ oo. Hence ri{x, t) — )■ as t ^ oo. □ 

6. Global solutions to the Hodge-Laplace heat equation 3 

Under an additional assumption on the curvature, we may remove the con- 
dition on the existence of pseudo convex exhaustion in Theorem 15.11 We begin 
with a lemma. 

Lemma 6.1. Let {M'^,g) be a Kdhler manifold and a is a (2,l)-form. In a 
unitary frame, 

.^ ^ll^r =2(A(T, a) + 2||V(t|P + 2 {Riigmk - Rfkmi) (^ijmoTjl 
(6.1) 

+ 2 [Rjigmk ~ Rjkml) '^ilmO'ijk + '^Rlk'^ijl'^ijk 
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Proof. For a = 
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a^jidz'' A dz^ A dz^., we have 



(6.2) - = g"^ (V. Vj + VjV,) a + 
where 

(6.3) {E{a%-, = -R\aif, - R%-t - ^a.^i + 2R/% a,,^ + 2R;% au^. 
Therefore, 

(6.4) ^ 2 _ _ _ 

2Rilmk'^ljfh'^ijk 2-Rj|"^gCTj;m,'^jjfc 

= - 2(AdCr,cr) + 2 II Vo-f + 2Riiaifka~% + 2RjiaakO^ + 2Rikaijfa~% 

2Rikrnl'^ljm'^ijk 2Rj'f.^i(7ilfn(Jij'f, 
= - 2(ArfCr, cr) + 2|| Vcr|P + 2 {Ragmk - Rikml) O-ljrhOTfi 
+ 2 {Rjigmk ~ Rjkml) ^ilm(^ijk + 2Rikaijiaiji;. 

□ 

Theorem 6.1. Assume that {M,g) is as in Theorem I5.il except that Qg is 
pseudo-convex. Instead, suppose that there exists a e M such that 

(6.5) {RiT9mk ~ Rikml) ^Im^ik ^ ""^^ l^jfcP 

/or matrix (^j^) anc? Jq°° kf{s)ds < oo. T/ien t/iere zs a solution rj of (15.31) 
which is closed. Moreover rj satisfies (12.21) for p = 1 anc? hmt^oo "'7(2^5 ^) = 0. 

Proof. Let 0*^*-' be a smooth cutoff function so that < 0*^*-* < 1, 0'-*^ = 1 on 
Bo(i?i) and = outside Bo{2Ri) and |V0(^)| < where Ri ^ 00 and 

Ci is independent of i. Now for fixed i, let Let be compact 

exhaustion and let ^'•'^^ be the solution of 



(6.6) 



_ A^(^) = 0, in X (0,00); 
limt_,oe(^)(x,t) =p«(x), s G fi, 
n^(") = 0, on dQs x (0,oo); 
nd^^'^ = 0, on x (0, 00) 



given by Lemma [3.31 We have 

||e^^^||'(x,t)< / \\p^'^\\'<C2 



where C2 is independent of s because p^*^ has compact support. Moreover, (i^*^*-' 
(with initial value dp*-*-') also satisfies the Hodge-Laplace heat equation with 
nd^^'^^ = and nd{d^^^^) = 0. Since p'-*-' has compact support, so \\d$,^^''\\'^, 
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is continuous at t = if s is large enough because the compatibihty conditions 
hold at the corner. Hence 

W||2^ / IUn«||2 



/ \\de'^\\'< I \\dp 



On the other hand, ||^'-*''|| is a subsolution of the heat equation because M 
has nonnegative quadratic orthogonal bisectional curvature. By [6, Theorem 
1.2], for any T > and R> 0, there is a constant C2 which is independent of 
R, T, and s such that 

sup ||e^^)||<C2 
Bo(R)x[0,T] 

provided R is large enough. Hence passing to a subsequence if necessary, we 
conclude that converge to a solution rj^^^ of (15. 3p . Moreover, rj^^^ is bounded 
on M. Since is a bounded subsolution of the heat equation with initial 

value we have 

||r^«||(x,t)< / H{x,yMP^'^\\{y)dy< / H{x,y,t)\\pmdy. 

JM JM 

Moreover, since 17*^*^ = lims_>oo 



(6.7) / W%'< / ||rfp«|r. 

JM JM 

Passing to a subsequence, 77*^*^ will converge uniformly on compact sets of 
M X [0, 00) to a solution 77 of (15.31) with initial value p such that 



M\{x,t)< / H{x,yMp\\{y)dy- 

JM 

From this it is easy to conclude the decay asserts of Theorem 15.11 

It remains to prove that r/ is closed. By Lemma 16.11 and the fact that Ricci 
is nonnegative, we have 



A-^)|Mr7«||>-C3||rfr/«| 



for some constant C3 independent of % and t in the weak sense. Hence e~*"^*| |(i?7*-*-'| 
is a subsolution of the heat equation. Moreover, since drf-'^^ also satisfies the 
Hodge-Laplace heat equation and (16. 7p it implies that | [rfr]'-*''! | is bounded on 
M. Hence 



e-^*||dr?»||(x,t)< / E{x,yMdp'^%{y)dy = w,{x,t). 

J M 

By Lemma [2.31 
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where C5 > is independent of i,t,r, provided that i is so large that dp^^^ = 
dp = in i?o(4r). Since kf{s) = o{s~^), then it is easy to see that 



with e(r) — )■ o as r — )• 00, and the function e(r) is independent of i. Let z — > 00, 



7. Solution of Poincare-Lelong equation 

In this section we shall prove the result generalizing fl3\ Theorem 6.1]. With 
the notations of previous sections we can state the main theorem. 

Theorem 7.1. Let {M'^^g) he a complete noncompact Kdhler manifold (of 
complex dimension n ) with nonnegative Ricci curvature and nonnegative qua- 
dratic orthogonal bisectional curvature. Suppose p is a smooth d-closed real 
(1, l)-form on M and let / = ||p|| be the norm of p. Suppose that 



and one of following 

(i) there exist Rg 00 and open sets Qs with smooth pseudo-convex bound- 
ary such that Bo{Rs) dVLg C. Bo{2Rs); 

(ii) M has nonnegative orthogonal bisectional curvature and p + auj is non- 
negative for some constant a > 0; 

(iii) M satisfies the curvature assumption Ii6.5\} . 

Then there is a smooth function u so that p = \/ —Iddu. Moreover, for any 
< e < 1, the estimate U.!^) holds. 

Proof. It follows from Theorems 12. 14. 15. 16.11 and Proposition 12.11 □ 

Even though it is not used in the proof, here we make some comments on re- 
lation of the conditions of nonnegative bisectional curvature (NB), nonnegative 
orthogonal bisectional curvature (NOB), nonnegative quadratic orthogonal bi- 
sectional curvature (NQOB) (15. ip . and assumption (16. 5p which we abbreviate it 
as (NCF) (nonnegativity on some 3-forms), as well as invariant representation 
of them. Algebraically (NB) is stronger than (NOB), which is in turn stronger 
than (NQOB). We introduce some notations for the convenience. First the 
curvature operator of a Kahler manifold can be viewed as bilinear form on 
g[(n, C) (which can be identified with A^'^(C"') via the metric) in the sense 
that for any X A F, Z A W 



(Rm(X AY),Z AW)= Rm(X AY,Z AW) = Rxywz- 

Hence for any Vt = (fi*^^), it is easy to check that (Rm((]), H) = Rf^n^'m^'^ e M. 
Hence one can identify (cf. p£j) the condition (NB) as 



(6.8) 




we conclude that drj = 0. 



□ 



(7.1) 




(7.2) 



{Rm I (Rm(il), Q) > 0, for any fi,rank(fi) = 1}. 
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Similarly, condition (NOB) is equivalent to 

(7.3) {Rm I (Rm(fi),n) > 0, for any n,Tank{n) = l,n^ = 0}. 

For the other two conditions we recall two operators from the study of the 
Ricci flow. The first one is A operator on A, B, any two Hermitian symmetric 
transformations on T'M, defined by 

{AAB)iji^i = AijB^i + BfjAf^i + A^jB^j + BjjAkj 

= 2{{A A B + B A A){ei A ej), e/ A e^) 

+2{{A AB + B A A){ek A ej),ei Ae^). 

The resulting operator so-defined is also a Kahler curvature operator, in par- 
ticular, satisfying the Ist-Bianchi identity. Here {A A B){X AY) = |(A(X) A 
B{Y) + B{X) A A{Y)) as defined in [16]. This operator is the one involved 
in the U(?7,)-invariant irreducible decomposition of the space of the Kahler 
curvature operators. Now the condition (NQOB) is equivalent to 

(7.4) {Rm I (Rm, A^A id — AAA) > 0, for all Hermitian symmetric A}. 

For (NCF) we need to introduce the so-called 7^-operator, which is defined for 
any two curvature operator Rij^i and S'jj^,;-, under a unitary frame, as 

(^R^S)^jf^l RipqfSpjkq RipkqSpjql- 

The operator is related to the Ricci flow and was first introduced by Hamilton 
|16]. Direct calculation shows that (NCF) is equivalent to 

(7.5) {Rm I (Rm#I)((],n) > 0, for all Vt e Qi{nX)} 

where lf0 = gfjgki+9ii9kj- If has been known that (NB), (NOB) are Ricci flow 
invariant conditions [16]. It would be interesting to find out about (NQOB) 
and (NCF). 

The smoothing lemma [131 Lemma 4.1] on the Busemann function and part 
(i) of Theorem 17.11 imply the following corollary, because of the fact that the 
Busemann function is comparable with the distance function, by [Sj Theorem 
2.3] and pSl p.400-401], as x ^ 00. 

Corollary 7.1. Let {M,g) be a complete noncompact Kahler manifold. Sup- 
pose M has nonnegative holomorphic bisectional curvature. Let p be a smooth 
d-closed (1, l)-form on M satisfying ( [7. Assume further that M is of max- 
imal volume growth or has non-negative sectional curvature outside a compact 
subset. Then there exists u{x) such that y/—lddu = p. 
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